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Abstract 



^^ , We study multidimensional backward stochastic differential equations (BSDEs) which cover the 

logarithmic nonlinearity ulogu. More precisely, we establish the existence and uniqueness as well 
as the stability of p-integrable solutions (p > 1) to multidimensional BSDEs with a p-integrable 
terminal condition and a super- linear growth generator in the both variables y and z. This is 
done with a generator f{y, z) which can be neither locally monotone in the variable y nor locally 
Lipschitz in the variable z. Moreover, it is not uniformly continuous. As application, we establish 



(~ l . the existence and uniqueness of Sobolev solutions to possibly degenerate systems of semilinear 



parabolic PDEs with super-linear growth generator and an p-integrable terminal data. Our result 
cover, for instance, certain (systems of) PDEs arising in physics. 



1 Introduction 

>, 

00 , The logarithmic nonlinearity ulogu appears in certain differential equations arising in physics (see e. 

OO . g. [121 [131 im [351 mi ) and in the theory of continuous-state branching processes (see e. g. |12[[5^[55] ). 

^^ \ For instance, the Cauchy problem 

^: f ^- Au-f ulogu = on (0, oo)xE'^ 

' ' U(0+) = (y9 > 



is related to super processes with Neveu's branching mechanism, see e. g [32J . On the other hand, the 
logarithmic nonlinearity is also interesting in itself since it is neither locally monotone nor uniformly 
continuous. In this paper, we give a BSDEs approach which allows to cover this kind of nonlinearity. 
d ' Let (T/Ft)o < t<r bear-dimensional Wiener process defined on a complete probability space (51, J^,P). 

(-^t)o < t<T denote the natural filtration of {Wt) such that Fq contains all P-null sets of J^, and 
^ be an J-r-measurable d-dimensional random variable. Let / be an R''-valued function defined on 
[0,T] X fl X R'* X M'*^'' such that for every (y, z) e M'' x M''^^ the map (i,w) — > f{t,uj,y,z) is 
J^t-progressively measurable. The BSDEs under consideration are of the form, 

{E(^'fy) Yt^C+ f f{s,Y„Zs)ds~ f ZsdWs 0<t<T 

The data ^ and / are respectively called the terminal condition and the coefficient or generator. 

The present paper is a developpment of [?] , and it constitute a natural continuation of our previous 
works [T115113]. To begin with, we give a summarized historic on BSDEs : the linear version of equation 
(£:(?./)) has appeared long time ago, both as the equation for the adjoint process in stochastic control 
(see e.g. [16]), as well as the model behind the Black and Scholes formula for the pricing and hedging 
of options in mathematical finance, see e.g. [T71 US]. Since the paper \^lj, where the existence and 
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uniqueness of solutions have been established for the equation (E'^^'^^) with a uniformly Lipschitz 
generator / and a square integrable terminal data ^, the theory of BSDE has found further important 
applications and has become a powerful tool in many fields such financial mathematics, optimal control 
and stochastic game, non-linear PDEs ... etc. The collected texts [57j give a useful introduction to the 
theory of BSDEs and some of their applications. See also [3 [HI [i [101 ?,[Il[2Hl[3i[171[lHl[ini[5ni[S5] and 
the references therein for more discussions on BSDEs and their relations with PDEs and mathematical 
finances. Many authors have attempted to improve the result of [21] by weakening the Lipschitz 
continuity of the coefficient / (see e.g dl HI [31 [S]) and/or the L^-integrability of the initial data ^ 
( [18L [5S]). Another direction in the BSDEs theory has been developed by introducing the notion of 
weak solutions, i.e. a solution which could be not adapted to the filtration generated by the driver 
processes (see e.g. [Sllinilll]). A step forward has been done in the paper PU] where the Meyer-Zheng 
topology has been used, to prove the existence of weak solutions for BSDEs with continuous generator. 
More recently, the link between the solution of BSDEs and the "Lp— viscosity solution" for PDEs with 
discontinuous coefficients, has been established in [7 . 

The essential difficulty, to establish the existence of strong (i.e. J'j'^— adapted) solutions to BSDEs 
with local conditions on the generator /, is due to the fact that the control variable Z is known 
implicitly, by Ito's martingale representation theorem as the integrand of a Brownian stochastic integral. 
Actually, we need more information on the variable Z . Consequently, the usual localization procedure 
(by stopping times) does not work. On the other hand, the methods used to study the existence and/or 
uniqueness of strong solutions to one-dimensional BSDEs are mainly based on comparison techniques 
and therefore do not work for multidimensional equations. We cite only a few articles in this area (for 
instance [TTl [521 1311 [33 ) sending the reader to the references therein again because neither do we deal 
with one-dimensional BSDEs nor use the results of these papers. Note however that, although we are 
focused in the multidimensional equations, our uniqueness result is new even in the one-dimensional 
case. The first results which deal with the existence and uniqueness as well as the stability of strong 
solutions for multidimensional BSDEs with local assumptions on the coefficient f have been established 
in[Tl[l[3]. 

The present work constitute a natural development of [I] [51 [31 ?] . To begin, let ^ be p— integrable 
with p > 1, K he a positive constant, and consider the following example of d— dimensional BSDE with 
logarithmic nonlinearity, 

Yt=i- I KYs\og\Y,\ds- I Z,dW, 0<t<T (1.2) 

It is worth noting that the coefficient f{y) :— —Ky\og\y\ of equation (|1.2p . is not locally monotone 
and hence not locally Lipschitz. Moreover, its growth is big power than y. In our knowledge, when 
^ is p— integrable with 1 < p < 2, there is no results on multidimensional BSDEs which cover this 
interesting example. To explain how the BSDE (|1.2p follows naturally from [Tl [2] , consider the BSDE 
(^(?J)) with square integrable ^ and, assume for the simplicity that the generator / does not depend 
on the variable z. Let / be Lat— locally Lipschitz and with sublinear growth. It has been established 
in [H [2] that if Ljv behaves as log A^, then the BSDE (E'^^'^^) has a unique strong solution which is 
I/^— stable. Now, if we drop the sublinear growth condition on /, then the condition Ln ~ log A' 
implies that \f{y)\ < K{1 + |y|log|y|) for some positive constant K. Hence, the following questions 
arise : could the BSDE with generator f{y) — — ylog|y| has a strong solution ? If yes, what happens 
about the uniqueness and the stability of solutions? These questions are positively solved in this paper, 
as particular examples. 

The first main purpose of the present work consists to establish a result on the existence and 
uniqueness as well as the stability of strong solutions to BSDE (E^^'^^f) which cover equation (jl.21) as 
well as, other interesting examples which are, in our knowledge, not covered by the previous works. For 
instance, we establish the existence and uniqueness of a strong solution to BSDE (E''^'-^^) in the case 
where the terminal data ^ is merely p-integrable (with p > 1) and the coefficient / could be neither 
locally monotone in y nor locally Lipschitz in z. Moreover, / can has a super-linear growth in its two 
variables y and z. For example, / can take the form f{y, z) — —y\og \y\ + g{y){h{z)y^\ log \z\\) for some 
functions g : R'^ i — > R'' and h : R'^ x W i — > R'^. The assumptions which we impose on / are local in 
y, z and also in cj. This enables us to cover certain BSDEs with stochastic monotone generators. Our 



uniqueness result is new even in the one-dimensional case. 

The BSDEs with p— integrable terminal data ^ (with 1 < p < 2), have been studied in |28j in the 
case where the coefficient / is uniformly Lipschitz in their two variables {y,z), and in [18] in the case 
where / is uniformly Lipschitz in the variable z and uniformly monotone in the variable y. It should 
be noted that our result cover those of [TSl HH] with new proofs. Our method allows, for instance, to 
treat simultaneously the existence and uniqueness as well as, the L^— stability of solutions by using the 
same computations. 

The techniques which is usually developed in BSDEs consist to applying Ito's formula to the function 
h{y) — |j/p or h{t, y) = \y\'^ exp(ai) with a > in order to estimate the difference between two solutions 
by the difference between their respective data. Such estimates are not possible in our situation since 
our assumptions on the generator are merely local. Moreover, due to the super-linear growth and the 
singularity of the generator, the techniques used in [Tl[2] can not be easily extended to our situation. Our 
proofs mainly consist to establish a non standard a priori estimate between two solutions by applying 
Ito's formula to an appropriate function. The existence (of solutions) is then deduced by using a suitable 
approximation (^„, /„) of (^, /) and an appropriate localization procedure which is close to those given 
in [2 [51 [3]. However, in contrast to [3], we don't use the L^-weak compactness of the approximating 
sequence (F", Z"). We directly show that the sequence (F", Z") strongly converges in some L'^ space 
(1 < g < 2) and, the limit satisfies the BSDE {E'-^'^'>). The uniqueness as well as the stability of 
solutions are then deduced by using the same estimates. The results are first established for a small 
time, and next, for an arbitrarily prescribed time duration by using a continuation procedure. 

To deal with the PDEs part, we consider the Markovian version of the BSDE (|1.2I) which is defined 
for < i < s < T by the system of SDE-BSDE, 

,t rt (1-3) 



Ys^H{Xt)- I KYr\og\Yr\dr - / ZrdWr 

J s J s 



where a : M.'^ i-^ M'"', 6 : M'^ i— > M"*, H : M.'' i-^ W^ are measurable functions and K is a real positive 

number. 

The system of PDEs associated to the SDE-BSDE p^ is then given by 

"1^' ^' + Lu{t, x) - Kuit, x) log \u(t, x)| = , u{T,x)^g{x) (1.4) 

where L ;= — > {aa*)ijd2ij + > bidi and g is a given measurable function. 

The logarithmic nonlinearities Ku log |u| [of the equation (jl.4p ] appear in some PDEs related to physics, 
see e.g. |13[ [TH [^ [551 154| . In the mathematical point of view, as indicated in [22!, the nonlinear term 
u log |u| is not continuous on a reasonable functions space. This induces a supplementary difficulty which 
makes no efficient some standard arguments (local existence and global estimates) to prove existence of 
solutions. On the other hand, it should be noted that, due to the degeneracy of the diffusion coefficient, 
the solutions will not be smooth enough, and therefore the uniqueness is rather hard to establish. 

In the second part of this paper, we are concerned with the probabilistic approach to Sobolev 
solutions of semilinear PDEs associated with the Markovian version of BSDE {E^^'^^). The links 
between strong solutions of BSDEs and Sobolev solutions of semilinear PDEs were firstly established in 
[TU] . Similar result was established in [H| , for the relations between Backward Doubly SDEs (BDSDEs) 
and SPDEs. The common of these two papers is that the nonlinear term / is at least uniformly Lipschitz 
and with sub-linear growth. 

The second main purpose of this paper consists to establish a result on the existence and uniqueness 
of Sobolev solutions for the (possibly degenerate) system of PDEs associated to BSDE (E^^'^")). Our 
result cover equation (|1.4p and many other examples. We develop a method which allows to prove the 
uniqueness of the PDE by means of the uniqueness of its associated BSDE : we first prove the existence 
and uniqueness in the class of solutions which are representable by BSDEs, and next we show that any 
solution is unique. To do this, we first prove that is the unique solution to the homogeneous PDE, and 



next we use the BSDEs to establish an equivalence between the uniqueness for the non-homogeneous 
seniilinear PDE and the uniqueness for its associated homogeneous linear PDE. More precisely, denoting 
by £ the second order parabolic operator associated to a given K'^-diffusion process, we prove that the 
system of semilinear PDEs 

f -—^^+Cuit,x) + f{t,x,u{t,x),Vu{t,x))=0, ie]o,r[, xe M'^' 

1 u{T,x) =g{x), a;eK*-^ 

has a unique solution if and only if is the unique solution of the linear system 

1 u{T,x) = 0, X eR'' 

This seems to be new in the BSDEs framework. Not also that, in order to prove the uniqueness of the 
above homogeneous linear PDEs, a uniform gradient estimate for some possibly degenerate PDEs is 
established by a probabilistic method, which is interesting itself. 

We mention some others considerations which have motivated the present work. 

• The growth conditions on the nonlinearity constitute a critical case in the sense that, for any 
£ > 0, the solutions of the ordinary differential equation Xt ^ x + L X^^'^ds explode at a finite time. 

• The logarithmic nonlinearities appear in some PDEs arising in physics, see e.g. [131 HH 1211 
1551 |S31 [57] ■ For instance, in ^13] the construction of nonlinear wave quantum mechanics, based on 
Schrodinger-type equation, is with nonlinearity — fculn(|wp). This nonlinearity is selected by assuming 
the factorization of wave functions for composed systems. Its most attractive features are : existence 
of the lower energy bound. Moreover, it is the only one nonlinearity satisfying the validity of Planck's 
relation E[ip] = H ip for stationary states ip. 

• In terms of continuous-state branching processes, the logarithmic nonlinearity u log u corresponds 
to the Neveu branching mechanism. This process was introduced by Neveu in [46j , and further studied 
in [121 [5^155] . For instance, the super-process with Neveu's branching mechanism constructed in |32] 
is related to the Cauchy problem, 

Au -f u log u = on (0, oo) X M'' , ^ 

m(0+) = (^ > 

Hence, our result can be seen as an alternative approach to the PDEs (|1.5p . and cover the case where 
the diffusion part is possibly degenerate. 

• Since the system of PDEs associated to the Markovian version of the BSDE (E'f^'-^^) can be 
degenerate, our result also covers certain systems of first order PDEs. 

• Thanks to the possible degeneracy of the diffusion coefhcient, our proposition 4.2 cover for instance 
the PDE studied in [57] which arises in studying the motion of a particle acting under a force perturbed 
by noise. 

• The method, which we develop to study the system of semilinear PDEs, is based on BSDEs and, 
both our results as well as their proofs are new, particularly the proof of the uniqueness. 

• The BSDEs as well as the PDEs which we consider are interesting in themselves since the nonlinear 
part f{t, y, z) can be neither locally monotone in y nor locally Lipschitz in z. Moreover, / can be big 
power than y and z, and therefore it is not uniformly continuous in {y,z). 

• It is worth noting that our condition on the coefhcient / is new even for the classical Ito's forward 
SDEs. For instance, we do not know whether or not the following equation p.6p possesses a pathwise 
unique solution. 

Xs = x+ I Xr log \X,.\dr + I XrV\\og\Xr\\dWr, < s < T (1.6) 

^0 Jo 

It should be noted that the SDE (jl.6p is not covered by [30J. We think that the method developed 
in the present paper may be used to solve this question. We are currently working on the SDEs (jl.6p 
since the stochastic flows of homeomorphisms defined by these type of SDEs seem be related to the 
construction of a metric in the Holder-Sobolev space "H^, see |43j. 



The paper is organized as follows. In section 2, we present the assumptions and the main result of the 
first part. We also give some examples. Section 3 is devoted to the proof of the main result. In section 
4, we deal with PDEs: we study the existence and uniqueness of a weak (Sobolev) p— integrable solution 
to systems of degenerate semilinear PDEs whose nonlinearities are big power than u and Vu. We also 
establish, in this section, an equivalence between the uniqueness for non-homogeneous semi-linear PDEs 
and the uniqueness for its associated homogeneous linear PDEs. 

2 Definition, assumptions, main result and examples. 

Throughout this paper, p > 1 is an arbitrary fixed real number and all the considered processes are 
(J^t ) -predict able . 

2.1 Definition. 

A solution of equation (_E(?'^)) is an (J't)-adapted and K'^+'^'"-valued process {Y,Z) such that 

¥.{ sn^\Yt\P + { [ \Zs\^ds)^ + f \f{s,Ys,Zs)\ds] <+^ 

\t<T Jo Jo J 

and satisfies {E^^'^'>). 

2.2 Assumptions 

We consider the following assumptions on {£,,/)'■ 

There exist M e V>{n;h^{[0,T];R+)), K e V\n:lJ{[0,T];R+)) and 7 e]0, -^ ^ ^^ ~ ' l such that 

(with As := 2Ms + —^ ) we have, 

(H.O) E\C\P eifcT>^^ds ^ ^^ 

(H.l) / is continuous in {y,z) for almost all (t,cj) 

(H.2) There exist 77 and /° e L"(0 x [0,r];M+) satisfying 

E( I eio^-'^-'-q^ds)^ < 00 , E( /" e^^o^-drjo^p ^ ^ 

Jo Jo 

and such that : 

for every i,y,z, {y,f{t,y,z)) < rjt + f^\y\ + Mt\y\^ + Kt\y\\z\ 

(H.3) There exist 77 e L«(f^ x [0,r];IR+)) (for some q > 1) and a e]l,p[,a' e]l,pA2[ such that: 
for every i, 2/, z, \ f{t,uj,y, z) \ < 77^+ | y |" + | z |"'. 

(H.4) There exist v e L9'(f^ x [0, T]; M+)) (for some q' > 0) and K' e R+ such that 
for every N G N and every y, y' z, z' satisfying | y |, | y' |, \ z \, \ z' \< N 



(y-y',/(t,w,y,z)-/(t,cj,y',z'))l{.,M<Ar} < K' \ y - y' \^ log An + VK' log An \ y - y' \\ z - z' \ 

where An is a increasing sequence and satisfies An > 1, limjv_5.oo ^a^ = 00 and An < -/V^ for some 
^i>0. 



2.3 The main result 

Theorem 2.1. Assume that (H.0)-(H.4) hold. Then, (E^^'-f'') has a unique solution {Y, Z) which 
satisfies, 

Esup I Yt l^e? /o ^^'^^ + E[ / e^'o ^^'^'^ \ Z, p ds] ^ 
t Jo 

<cl E\^\P e^ f^ ^''^' +E{ e^o ^-'^"■jj^ds)^ +E{ e^ /o ^"'^'■/^"ds)^ 

for some constant C depending only on p and 7. 

We shall give some examples of BSDEs which satisfy the assumptions of Theorem 12.11 In our 
knowledge, these examples are not covered by the previous works in multidimensional BSDEs. 

2.4 Examples. 

Example 1. Let f{y) := — j/log | y \ then for all ^ G Lp(J-t) the following BSDE has a unique solution 

Yt^^-J Ys\og\Ys\ds- j ZsdWs. 

Indeed, / satisfies (H.1)-(H.3) since {y,f{y)) < 1 and | f{y) |< 1 + - | y |^+^ for all e > 0. In 

order to verify (H.4), thanks to triangular inequality, it is sufRcicnt to treat separately the two cases: 

0<|y|,|2/'|<^andl<|y|,|y'|<7V. 

In the first case, since the map x h- > — a; log a; increases for x £]0, e~^], we obtain for N > e 

\fiy)-fiy')\<\fiy)\ + \fiy')\ 

logN 



< 2- 



N 



In the second case, the finite increments theorem applied to / shows that 

\f{y)-f{y')\<{l + \ogN)\y-y'\. 
Hence (H.4) is satisfied for every N > e with Vg ^ and An = N. 

Example 2. Let g{y) := y\og ^ ^ ^ and h e C{R'^'';R+)f]C^{R'^'' - {Q};M.+) be such that 



hiz) = 



_( |z|v/^lo^ if|z|<l 



--0 



\z\y^\og\z\ ii\z\>l + eo 



where Eq g]0, 1[. Finally, we put f{y,z) := g{y)h{z). Then for every ^ e LP(J-t) the following BSDE 
has a unique solution 



Yt=^+ f fiYs,Zs)ds~ f ZsdWs. 
Jt Jt 

It is not difficult to see that / satisfies (HI). We shall prove that / satisfies (H2)-(H4). 



(z) Since g is continuous, g{0) = and \g{y)\ tends to 1 as \y\ tends to cxd, we deduce that g is 
bounded. Moreover, g satisfied {y — y' ,g{y) — g{y')) < 0. Indeed, in one dimensional case it is not 
difficult to show that g is a decreasing function. Since, —{y,y') log j^jn 1 < — |y||t/'| log ^^^} , (because 



log TTT-f < 0) , we can reduce the multidiniensional case to the one dimension case by developing the 
inner product as follows, 

(y - y^ 5(2/) - 3(2/0) < |yP log ^ + |y? log ^ - Mly'Kiog J^ + log J^) 
= (M-b'|)(Miog^-|y'|iogY^) 

^{\y\-\y'lgi\y\)-gi\y'\)) 
<0 

(ii) The function h{z) satisfies for all e > 

< h{z) < M + —= I z |^+^ where M = sup | h{z) \ 

V2£ |z|<l+eo 



The last inequality follows since ■\/2£log \z\ = -y/log |zpe < \z\^ for each e > and \z\ > 1. (H3) 
follows now directly from the previous observations (i) and (ii). (H2) is satisfied since (y, /(y, z)) = 
{yT9{y))^{^) ^ 0. To verify (H.4) it is enough to show that for every z, z' such that | z |, | z' |< A^ 



I Kz) - h{z') i< c (^^b^ I z - z' I +^p| 



for N large enough and some positive constant c. This can be proved by considering separately the 
following five cases, 0<|z|,|z'|< — , — <|2:|,|2:'|<1 — eo; ^ — £o <\ z \^\ z' \< 1 + e^ and 
l + eo<\zl\z'\<N. 

In the first case (i.e. <| z |,| z' |< -^), since the map x h- > x^— logo; increases for x E [0,-^=], 



we obtain |/i(z) - /i(z')| < |/i(z)| + |/i(z')| < 2 — W- log — < 2— logiV for A^ > ^i. 
The other cases can be proved by using the finite increments theorem. 



Example 3. Let {Xt)t<T be an (J^t)— adapted and M*^— valued process satisfying the forward stochastic 
differential equation 

Xt=Xo+ f bis,Xs)ds+ f c7{s,X.,)dWs 
Jo Jo 

where Xq G M'^ and a, b : [0, T] x M*^ ^ M*^'" x R*^ are measurable functions such that ||cr(s, a;)|| < c and 
|^(s,x)| < c(l + |x|), for some constant c. 

It is known from the forward SDE's theory that there exist n > and C > depending only on 
c, T, k such that 

Eexp(KSup| Xt n < Cexp(C | Xq p). 

t<T 

Consider the BSDE 

Yt - giXr) + I \X,\^Y,-Y, log | Y, \ds - j Z^dW,. 

where q g]0, 2[ and 5 is a measurable function satisfying | g{x) |< cexpc | a; |^ , for some constants 
OO, g'e [0,2[. 

The previous BSDE has a unique solution (Y, Z) which satisfies: for every p > 1 there exists a positive 
constant C such that 

<Cexp(C|Xon. 







r r'^ 1 


sup 
f 


Yt |P +E 


/ 1 ^s P ds 
Jo 



Indeed, one can show that 

^)(y,/(i,2/))<i+l^*FlyP 

a) Using Young inequahty we obtain, for every e > there is a constant Cg > such, that 

i/(i,2/)i<c,(i+|x, r + iyr+^) 



in) f satisfies assumption (H.4) with Vg — exp | Xs I'' and An — N. 



The fohowing example shows that our assumptions enable to treat BSDEs with stochastic monotone 
coefficient 

Example 4. Let (^, /) satisfying (H.0)-(H.3) and 

There are a positive process C satisfying E / e"^ ds < oo (for some q' > 0) and K' e K+ 

Jo 



(H'A) < 



such that: 

{y-y'Jit,u;,y,z) - /(i,c., y', z')) < K' \ y - y' \^ {aH+ | log | y - y' | |} 



+K'\y-y'\\z-z'\ ^Ct{co)+ \ \og\ z - z' \\. 



In particular we have for all z, z' 



\f{t,co, y, z) - fit, Lo, y, z')\ < K' \ z ^ z' \ ^Ct{uj)+ | log | z - z' | |. 
Therefore, the following BSDE has a unique solution 

To check (H.4), it is enough to show that for some constant c we have 
{y-y'J{t,y,z)-f{t,y',z))<c\ogN(\y^y'\^+j^ 

\f{t, y, z) ~ fit, y, z')\ < cVWN (\ z - z' \ +j^ 

whenever Vs ■= e'^= < N and \ y \ , \ y' \, \ z \, \ z' \ < N. 

These two inequalities can be respectively proved by considering the following cases 

\v-y'\< — , — <l 2/- v' l< 2iV- 



and 



'- 2N' 2N -' '- 



Example 5. Let iXt)t<T and ^ be as in example 3, let F(i,x,y, z) be such that 

i) Fit,x, .) is continuous 

a) |i^(i,x,2/,0)| < Ccxp(C I X |«)+ I y |", for some g,ae]0,2[and C > 0, 

iii) (F(i, X, y, z) ~ Fit, X, y'_, z'), y - y') < K' \y- y' ]■" +K' \y - y' \\ z ~ z' \. 

Let q,q' ,q" > such that q + q" < 2 and q' + q" < 1, the following BSDE has a unique solution 

Yt^^+ I \X,f'Fis,X„\X,\^Y„\Xs\'^'z,)ds- f ZsdWs. 



3 Proof of Theorem 12.1 



We first give some a priori estimates from which we derive a stabihty resuh for BSDEs and next we 
use a suitable approximation of (f , /) to complete the proof. The difficulty comes from the fact that 
the generator / can be neither locally monotone in the variable y nor locally Lipschitz in the variable 
z and moreover, it also may have a super-linear growth in its two variables y and z. 

3.1 Estimates for the solutions of equation {E^^'^^). 

In the first step, we give estimates for the processes Y and Z. 

Proposition 3.1. Let At :— \Yt\'^et + 2 / esTjsds + ( / ei f^ds)^ and et := exp J„ Xgds. 

Jo Jo 

p 

Assume that (H.2) hold and E( sup |lt|^ej^) < oo. 

0< s<T 

Then, there exists a positive constant C^P'^' such that 



2. 

E sup A] +£{ f es\Zsfds] < C^P^^^EAf. 

o< s<T yjo J 



To prove this proposition we need some lemmas. 
Lemma 3.1. For every e > 0, every j3 > 1 and every positive functions h and g we have 

{h{s))^ g{s)ds < £ sup | /i(s) |^ +e^-'^ i [ gis)ds] . 

t<s<T yjt J 

Proof. Let e > and /3 > 1. Using Young's inequality we get for every S and 6' such that | + ^ = 1 

r^ (l-fl)S' rp 

13-1 1 (g-l)i5 (|3-l)i5 £ 1^ , f sS' 

{h{s)) ^ g{s)ds < -£ f^ sup \h{s)\ 2 + — - — (/ g{s)ds) 

t t<s<T O' ^Jt 

We now choose 5 = ^^j and use the fact that 6,5' > 1. ■ 

Lemma 3.2. If (H.2) holds then for every P > I + 27 there exist positive constants C^ ''' , C2 '^ such 
that for every e > 0, every stopping time t < T and every t < t 

Af + r Ap^es\Zs\^ds < e sup a| +e(i-^)cf '^'a| - cf ''^^ f Ar\s{Ys,Z,dWs). 

Jt t<S<T Jt 

Proof. Without loss of generality, we assume that 77 and f^ are strictly positives. 
It follows by using Ito's formula that for every t E [0,t], 

\Yt\\t+ f \Y/Xse,ds = er\Yrf + 2 



J es{Y,,fis,Y,,Z,))ds- J 

-2 f es{Ys, ZsdWs). 
Again Ito's formula, applied to the process A, shows that 

Af + /?y" Ar' Q inl' A,e, + CsVs + /°eJ J f^eUr ) ds 

= A^+13 Ai \esYs, f{s,Ys,Zs)}ds-!^ Ai ' \Zs\^ Csds 

2 

- /3^^ esAr\Ys, Z^dWs) I3{^ - 1) ^' e^Aj-' ^ r£ y:zA ds 



Observe that ^ i^Y^'Zl'^) ] < |r,p|Z,p < e^^A, {Z^f then use the assumption (H.2) to get 
j=i \i=i J 

kf + ^(1 - 27 - (2 - /3)+) y" Al-'e, |Z,|' ds 

< k1 +!3 j kr'^ fields- P j h.r\e,Y,, Z,dW,). 
Jt Jt 

1 f r n ^ \'^ ^ 

It follows from Lemma IXTI with 5(5) = f^ei , since I / fjei ds ] < kr , that for every e > 

/ A^= ^f^eids< e sup ki +e^-^k? 

Jt t<S<T 

Since /3 > 1 + 27 implies that 1 — 27 — (2 — /3)+ > 0, Lemma [HH] is proved. ■ 

E 

Lemma 3.3. Let (H2) he satisfied and assume that E(supQ<3<y 1^*1^6**) < c«. 
Then, 

1) There exists a positive constant C^^'^' such that for every e > 0, we have 

E / k7^es\Z,\^ds < eE{ sup kl) + e^^~P'>c[''-^^E{kl,). 

Jo 0<s<T 

2) There exists a positive constant C^P'^> such that 

E( / es\Z,\^ds)^- < C^P-''^E{ sup kl). 

Jo 0<s<T 

Proof. The first assertion follows by a standard martingale localization procedure. To prove the 
second assertion, we successively use Lemma [3.21 fwith e — 1 and (3 = 2), the Burkholder-Davis-Gundy 
inequality, the fact that es|YsP ^ A^ and Young's inequality to obtain 



E( / e,|Z,pds)^<C^%( sup kl)+ct''^E{\ f es{Y,, Z,dW,)\'^) 

Jo 0<s<T Jt 

<C(P'%( sup Af)+C^%(| Te^lnnz.pdslf) 

0<s<T Jo 

<C^%( sup kl)+C^P'''^E{\ r k,e,\Z,fds\^) 

0<s<T Jo 



/O 



<C^%( sup Af)+C^^''''E[( sup Af)(/ es\Zs\^ds)^ 

)<5<T 0<s<T Jo 



0<i 



<[c('''^'++2(a^^)f]E( sup kh + lEliTe^lZ^l'ds)'^- 

0<s<T ^ Jo 

<[2C^^^+4(C^^'^^)2] E( sup aI). 



0<s<T 

Lemma 13.31 is proved. ■ 

Lemma 3.4. Let the assumptions of Lemma 3.3 he satisfied. Then, there exists a constant C^^''^' such 
that 

E( sup aI) < C(P''^)E(a|). 

0<s<T 
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Proof. Lemma 13.21 and the Burkholder-Davis-Gundy inequality show that there exists a universal 
positive constant c such that for every e > and t <T 

E sup aI < eE{ sup aI ) + £(i-p)cJ^'''^E(a|) 

0<s<T 0<s<T 



+ cCf ^^E( / AP-\\Y,\^es)e,\Z,\^dsy . 



Young's inequality gives, for every e' > 0, 



E( sup a|) < £E( sup a|) + e(i-P)ci^''''E(A|) 

0<s<T 0<s<T 



£'E( sup Aj^ 

0<s<T 



cC. 



(P,7) 



p-2 

is fcsl^sl 



-E / A,= eJZJ^ds. 



Applying Lemma 13.31 we get for every e" > 



E( sup A^) < {e + e' 



cC. 



{pn) 



0<s<T 



i( sup A| 

0<s<T 



cC. 



(P,7) 



■^(P,7)(^„)(l-p) 



)E(AJ 



A suitable choice of e,e',e" allows to conclude the proof. ■ 

Proof of Proposition [37ll It follows from Lemma 3.3 and Lemma 3.4. ■ 

Proposition 3.2. // (H.3) holds then, 

E f \f{s,Ys,Zs)fds < 9P+«(l + r)[l + E / yy'ds + E sup \Ys\p +E{ f \Z,\''ds)^ 

Jo Jo 0<s<T Jo 

~ 2 p p 
where p :— —- A — A —- A q. 
a' a a 

Proof. We successively use Assumption (H.3), Young's inequality and Holder's inequality to show that 

e/ \f{s,Y,,Zs)fds<E f {% + \Ys\'' + \Zsr'fds 



<3% / {rJ^^+\Y,r^ + \Z,r'^)ds 



< 3^E / {{1+rjJ + (1 + \Ys\r^ + (1 + \Zs\r'hds 



< S^E / {{1+Tl,y + (1 + \Y,\)P + (1 + 1^,1^2)^^ 



<3''3P+«E/ {l + rf, + \Ys\P + \ZsK'^)ds 
Jo 

<3''3P+«[r + E / r]1ds + TE sup \Ys\p + T^^^^E{ I \Zs\^ds)^ 



0<s<T 



< 



gp+<!{l + T)[l+E [ Ifids + E sup \Ys\P + E{[ \Z,\^ds)*- 

Jo 0<s<T Jo 



Proposition 13 . 21 is proved. 
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3.2 Estimate of the difference between two solutions. 

The next proposition gives an estimate which is a key tool in the proofs. 

Lemma 3.5. Let {C j fi)i=i.2 satisfy (H.3) (with the same rj,a and a' ) and let {Y^ , Z^) he a solution 
of {E^^ •■f''). Then, there exist f3 = /3{p,q,a,a') G]l,p A 2[, r ~ r{p,q,a,a' , K' , ^,q') > and a = 
aija, q, a, a' , K' , /i, q') > such that for every u € [0, T], u' G [u, T A {u + r)], N > and every function 
f satisfying (H.4) 



where 



\zl-zl\^ 



E( sup \Y,^-Y,r) 

u<t<u' Ju (i + |y-^i_y^2|2)J 

f-T 

'1 v2|/3n 



-ds 



< NA 



! + ■£■ 

N 



Aa 



Yu' - Yu' r ) + E / pNifl - f)s + PN{f2 - f)sds 
Jo 

T pT 



1 + el + el + K I rj^ds + E / vi ds 
Jo 



PNifi- f){t,uj) -.^ sup \f{t,u},y,z)- f,{t,u},y,z)\ 



e; := E(sup|r/r) + E(£\zi\'ds 



Proof. Let q be the number defined in assumption (H3) and q',K',ji those defined in assumption 

2 V V K' 

(H4). Let 7 > be such that 1 + 27 < /3 := — A - A — Aq and set ii'" ■.= K' + ^. Let {3 ell + 27,/3f 

a' a a' 4rf 

and u e]0, (1 - f )(1 A q')[. Let r e]0, -^ ^ ^ ^ ^t' 

For A^ e N, we set 



et := (Ajv)'^"(*-") and A* :- {If/ - Y,^\^ + {An)-^} 



et- 



Using Ito's formula, we show that for every stopping time t G [u, u'] and every t G [u, r] 



At' + 2log{AN)K" / e.Aids 



where 



/3 



e,Ai ^\Zl~Zl?ds 



= aI - /3 ^' e, aI ' (r; - Y^ , {Z\ - Zl) dWs) 



+13 J e,Ar\Y} - Y^,f^{s,Y}.Zl) - f2{sX,Zl))ds 
^P{l-l)J\lAr'J2 (j:(X^s'Y^s)iZl,,s-Zl,^,)\ ds 
^1 -P j e,Ar\Yl - Y^, {Z\ - Zl) dW,) + Ph - P{^ - l)/2, 



h := / e^Ai \y^ - Yl f^{s, Y},ZI) - f^is, Y!,Zl))ds 



(3.1) 
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and 



In order to complete the proof of Lemma 13.51 we need to estimate /i and I2 ■ 

Estimate of h. Let $(s) := \Yj-\ + \Y,^\ + |Z]| + \Z^\ + Vs- Since 1{$, < n} < l{i,, < w} and / 
satisfies (H4), then a simple computation shows that 



+ [i^"log(AA,)e;iA,+7|zi-Z2|']l{$^, < ^T} 



Therefore, using Lemma l3. II with hs = A^, we get 



h< J el Ay \h{sX,Zl) - f2{s,Y^,Z',)m^^^^}ds 



+ 2N [ esAi '[pN{fi-f)s+PN{f2-f)s]Tl{v^<N}ds 



e.Ai \K'nog{AN)e^^A,+^\zl-Zl\^]\{^^ < ^^ds 
It 

§_ 
< e sup A| 

+ 2nJ esAI'^pNifl - /). + PN{f2 - f)s]Mv^<N}ds 

+ f e,Aj"'[if"log(Ajv)e;^A,+7|z]-Z2|V{$^, < jv}ds 



Estimate of /2. Since 

2 



then 



j=l \l=l I 



h< I esAi ^\Zl-Zl?ds. 
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Now, coming back to equation (|3.ip and taking into account the above estimates we get for every e > 0, 
Af + f (/3 - 1 - 27) fe^^r' \Zl - Zl\^ds 

< ef\Y^^-Y:^\^ + ^ + /3e sup AJ 

(3.2) 



J U 

+2Nl3elA];^ f pnUi " /). + PNU2 - DsM^s < N}ds 

J U 

-pj\s^t\Y} - Yl {Z\ Zl) dWs). 
For a given h > l,\ei Tn be the stopping time defined by 

Tn := inf{s > u, \Y} - Y^\^ + / \Zl - Z^fdr > h} A u' , 

J U 

Choose r = r/j, t = u, then pass to the expectation in equation (j3.2p to obtain, when h — > oo, 

^(/3-f-27)Ey e,Ar' \ZI ~ Z^,\^ ds 

_§. 
< elM{K''-Y3f) + ^+PeE{ sup Aj) 

i. /■"' 



(3.3) 



+2iV/?4^]v 'e / pjv(/i - /). + PN{f2 ~ /).!{., < N}ds. 



Return back to p.2p and use the Burkholder-Davis-Gundy inequahty to show that there exists a uni- 
versal constant c such that 

E( sup Af)< eiE{\Y^,-Y^,f) + ^+f3eE{ sup a|) 

u<t<T A 2 se\u,u'] 



+ 2NI3e^,A'j^ =E / pjv(/i - f)s + Pnih - /).!{., < N}ds 

J U 

+ c^E( r^At' E[E(^i - ^^«)(4,. - 4,.)]'^-)^- 
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But, there exists a positive constant C^ depending only on /3 such that 

•'M „■ — 1 ,-—1 



J = l i=l 



-1|^1 ^2|2, 



< -E( sup A/) + C^E/ e,A| |Z,! - Z,^|^ds. 

^ u<t<u' Ju 

Use p.3p and take e small enough to obtain the existence of a positive constant C — C{P,^) such that 
E( sup Af)+E/ esAi~^\Zl - Z^l^ds 

u<t<u' 



< c 



'E|yJ, - Y^,f + ^ + ej supE / |/,(s,y;,Z^)|'']l{$^>^}ds 

A 2 i Ju 



S- .1- 



+A^e„^^jV 'E / pAr(/i - /), + pNih - /).!{.. < N}ds 



nU 

We shall estimate J := sup^E / |/i(s, F/, Z*)|'^]l{$^>jv}ds, i = 1,2. 

Using the fact that l{^^>jv} < l{«,>5-iAf} + l{|Y,i|>5-iAf} + l{|Yj^|>5-iAf} + l{|Zi|>5-iAf} + l{|Z||>5-iAf} 

and l-fa>6> 1^ 1 — for every a,b^v > 0, we show that for every A^ > 1 
\ s ^v 



J< (^) '7^/f |/.(s,F;,z:)|^,^ds 



+ I-) supE / \Ms,Y:,Zl)\^\Y,'rds 



+ [-j supEJ^ |/,(s,r;,z:)|'5|i;2rds 
^) ™pE^" |/,(s,r;,zj)|'5|zirds. 

-j supEy^ \Ms,Y:,Zl)f\Z'J''ds. 



using Young's inequality, one can prove that there exists a positive constant C such that for every 

N > 1 

J < ^ 1 1 + e^ + e^ + supE r \Ms, Y:,zi)f^^''^''^Us + e /" vfds \ . 



where Gj, := E(supt |F/|p) +^i f \Zl\^ds j . 

Using Proposition |33 we get (since /3(^2_ V 5^ V -^) < j3) 
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Hence, for a :— {- A ^) — l3rK^^ and N large enough we get (since Afq < iV^ by assumption {bf(H.4)), 



^ ^J. " 2 J 



E sup A,^+E/ esAi ^\Zl - Z^J^ds 

u<t<u' 



< NA 



Aa 



Wu' - Y3f + E / PnUi - f)s + PN{f2 - /).1k < N}ds 



1+* 

N 



Jo 



Lemma 13.51 is proved. ■ 

As a consequence of lemma 13. 5[ we have 

Lemma 3.6. Let (^% fi)i=i.2 satisfies (H.3) (with the same rj, a and a' ) and let [Y'\ Z^) be a solution 
of {E^^ '■^^'). Then, there exists (3 = (3{p,q,a,a') G]l,pA2[ such that for every e > there is an integer 
Ng = N^{p, q, a, a' , K' , /i, g', e, {An)]\[) such that for every function f satisfying (H.4) 



C( sup |r/ - Y, 

0<t<T 



l_v2|/3^+]E 



\z's-zt\ 



(i + |r/-n2|2)i-^ 



-ds 



L\e-ef+^ f PN^ (/l - /). + PN. if 2 - f) 

Jo 



- f)sds 



< N, 



1 + e^ + e; + E / ijids + e / vi ds 

Jo Jo 

Proof. Let {uq = < ... < w^+i = T) be a subdivision of [0,T] such that for every i e {0, ..,£} 

Ui+i - Ui<r 

From lemma [23] we have : for all e > there is an integer Ng, such that for every function / satisfying 
(H.4) 



-ds 



< N, 



E( sup |r/-y,2|^) + E / '^ ^' — 

ue<t<T Jui (1 + |y^l _ y^2|2)l-2 

Ei\e-ef)+^ I PNAfl-f)s+PNAf2~f)sds 


1 + e'p + el + E I l]1ds + E f vl'ds 



Assume that for some i S {0, ..,^} we have for all e > there is an integer N^ such that for every 
function / satisfying (H.4) 



c( sup |r/-y,^r) + E 



Ui+i<t<T 



\zt-zi\ 



«.+. (i + |y/-r/p)i-^ 



-ds 



E{\e - eT) + IE / PNAh - f)s + PNAh - f)sds 

Jo 

1 + el + el + E f ijids + E f vfds 
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Then, for every e' > there is an integer N^' such that for every function / satisfying (H.4) 

l-T iryl r,2\2 



E( sup |r/-y/r) + E, , 



l^i-^.^ 



ds 



<E( sup |y/-i;Y) + E 



lii<i<tii4. 



■tii + l 



l^i-^.'P 



«. (i + ini-r/p)!-^ 



-ds 



^.. 







■ T /-T 

1 + e,p + e,p + E / if^ds + E / uf ds 



Using Lemma [3.51 we obtain; for every e',e" > there exist N^i > and iVe" > such that for every 
function / satisfying (H.4) 



r'^ I7I _ 7212 

E( sup |y,i-y,2|0) + E / ^^^d 

u,<t<T Ju, (l + |y^l_y^2|2)l-2 



ds 



< N.'^ 



■N,^ 



HK^, - Yl^, 1^) + E / PAT,, (A - /). + PAT,, ih - fhds 



E{\e~e\^)+^ / PNAfl-f)s+PNAf2-f)sds 



2e' 



1 + e; + e^ 





T pT 

rfds + E / wfds 
Jo 



+ (iV,,7V,.. + 2iV,0 E / p(^^,w,„)(/i - /)s + PiN^,N^.)ih - f)sds 



<N,,N,^^ E{\e-en 



+ (2e' + e"7V,0 



1 + e^ + e; + E / rjids + e / v^ ds 



£ £ 

For £ > 0, let e' := - and e" := , we then deduce that there exists an integer N^ such that for 

4 2Ni 6 e 



(f) 
every function / satisfying (H.4) 

E( sup \Y,^-Y,'f) 



i<t<T 



\Z's~Zi\ 



u. (i + |i;i_y^2|2)^ 



-ds 



< N, 



Ei\e-ef)+^ / PNAfl-f)s+PNAf2~f)sds 



1 + e^ + e; + E / ri^ds + e / v^, ds 

Jo 



We complete the proof by induction 



Proposition 3.3. Let {S,^, fi)i=i.2 satisfies (H.3) (with the same rj^a and a') and let (F^Z*) he a 
solution of {E^^ 'f''). Then, there exists /3 = /3{p,q,a,a') €]l,p A 2[ such that for every e > there is 
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integer N^ = N^[p^ q, a, a' , K' , /i, q\ e, {An)n) such that for every function f satisfying (H.4) 



E( sup |y,i - r,Y) + E ( / 1^1 - ^.Trfs 

0<t<T \Jo , 



< N, 



E{\e-ef)+^ / PNjJl-f)s+PNAf2-f)sds 



1 + e^ + e; + E / Ty^ds + e / v,' ds 

"'0 



w/iere 9!, := E(supt 1^4*1^) +E / |Z^rds 



Proof. Using Holder's inequality, Young's inequality and the fact that — < 1, we obtain for all e' > 



E 



\Zl-Z'j'ds 



< 



< 



< 



E{ 



\zl-z^,\^ 



(i + |y;_x,2|2)i- 



\z^-z^\ 



-ds 



r\ v2|2\(l-2-)- 



sup(i + |r/-y/n^^--^-} 



^ §_ 



(i + |y/_y^2|2)i-^ 
E(sup|ri-n2|^)+E / ^ 

s<T Jo {l + \Y} 

E( sup \Y,^-Y,'f)+E r — 

0<t<T Jo (I 



i + E(sup|r/-n2|^) 

s<T 



ini. 



z\-zl? 



{\ + \Yl-Yl?t 



\z\-zl\^ 



-ds 



< e' + (1 + e 






-ds 



E( sup |r,i-r,Y) + E 

0<t<T 



\z's-zt\ 



(i + |r/-i;2|2)i-^ 



-ds 



Use lemma [3751 to conclude that for every e',e" > 



E 



\Zl-Z-'J^ds 



< e' + (l + £^)iV," 



E(|fl -ef)+E I pN,.{fl - f)s+PN,.{f2 - f)sds 




-e"(H-e^^) 



1 + el + el + E [ rJlds + E [ vids 
Jo Jo 



Letting e' = — and e" = ^^^, we finish this proof of proposition 13.31 ■ 

2 2(1 + (|)^) 

Remark 3.1. The uniqueness of equation [E^^'^') follows by letting /i = /2 = / and £,i ^ ^2 — £, in 
Proposition [ 



The following stability result follows from propositions p.3p . (13. 2p and (|3.ip 
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Proposition 3.4. Let {£,,/) satisfies (H.0)-(H.4) and {£,'^,fn)n satisfies (H.0)-(H.3) uniformly on 
n. Assume moreover that 

faj ^" -> ^ a.s. and sup„ E(|^„|'' exp(| /(, Agds)) < oo 

(h) For every N ^W , lini„ PnUu - /) = a.e. 

(c) for every n G N*, the BSDE {E^^ •M'-j f^Q^g ^ solution (y",Z") which satisfies, 

sup„ E(supt<-r |yj"|Pe§/o^^='^'*) < oo. 
Then, there exists {Y, Z) G hP{n;C{[0,T];R'^)) x hP{n;h^{[0,T];R'^'')) such that 



i) E{sup \ Yt \P ei^o^''i-)+E 



e^o ^-rdr I z, P ds 



< 



CPn J E(| ^ |P gf ^0 ^''^') + E / e^'' ^"'^''rj.ds + E / e^ ^o ^-'^''/Ods 



ii) for every p' <p, {Y'^,Z") — > {Y, Z) strongly in Lp' {n;C{[0,T];R'^)) x L^' (f7; L2([0, T]; M'^''))- 
iii) for every ^<l^P^P^^q^ lim E / |/„(s, F,", Z^) - f{s, Y,,Z,)fds = 



a' a a 



Moreover, (Y, Z) is the unique solution of {E^^'^'). 

Proof. From Proposition 13.11 Proposition 13.21 and Proposition 13.31 we have 

E(supt \Yl'\Pe^io>-^ds-^+E\ [ e^'o^^'^'lZl'^ds] 



< CP-'^ sup„ \ E(| ^" \P ei io >^sds^ + E I /" e^o ^-'^''r^.ds j +¥.{ j e^^S ^-'^"■f^ds 



D. 



b') Ej \f^{s,Yr,Z:)\Pds < C{l + D + j filds). 

d) There exists /3 > 1 such tliat for every e > there exists TV^ > 0: 



E(sup|rt"-r/"|'^)+E / |Z,"-Z™|2ds <N,E 



ir - rf + / PNSIn - f)s + PNAf^n " f)sds 

Jo 

1 + 2D + E I lilds + E vfds 
Jo Jo 



We deduce the existence of (Y, Z) e LP(rj;C([0,T];R'')) x hP{n;U{[0,T];R'^'-)) such that 



!:(sup|y( \P e^^o^'-'^^)+E 



g/„=A.dr 1^^ |2rfs 



< CP''' I E(| ^ \P ei ■I'o^ ^''^') + E ( / eJ'o ^''^"risds \ + E ( / e^ ^o ^-'^'■f^ds 



ii) for allp' <p, (y",Z") — >{Y,Z) strongly in LP (r2;C([0, T]; M'')) x L^ (f7; L2([0, T]; R'''')). 

Let us prove iii). Set a := lim sup„_j.oQ E / |/(s, F/'jZ") — f{s,Ys,Zs)\'^ds. Consider a subsequence 



n' of n such that a := lim„'_ 



\f{s,Yf,zf) - f{s,Y,,Z,)\^ds and, (y"',Z"') ^ {Y, Z) 



Assumption (H.3) and the continuity of / ensure that a — 0. It remains to prove that 
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limsupE / \Us,Yr,Z:)~f{sX''.Z^)fds = 

n— !-oo Jo 



n-^oo Jo 

We use Holder's inequality, the previous claim b'), Proposition 13.21 and Chebychev's inequality to get 

\Us,Y-,z:)-f(s,Y:^,z:)\f'ds 

^ 



Jo Jo Jo 

<E [ p^{f,,-f)Pds + ^^^ 
Jo N ~ 



, (r-l)(pA2) ' 

•^ Zi J) T) 

for some reel r > 1 such that r/3<— -A — A— -Ag. 

We successively let n — > oo and N — > cx) to derive assertion iii). Proposition 13.41 is proved ■ 

3.3 Approximation 

We shall construct a sequence {£,",fn) which converges in a suitable sense to {£,, f) and which has 
good properties. With the help of this approximation, we can construct a solution {Y, Z) to the BSDE 
(^^(?J)) by using Proposition [ 



Let ht is a predictable process such that < ht < 1 and set At := rjt + rjf. + /° + Mt + Kt + -^ 

Proposition 3.5. Assume that (^, /) satisfies (H.0)-(H.3). Then there exists a sequence {£J^,fn) 
such that 

(a) For each n, ^" is bounded, |^"| < |^| and ^" converges to ^ a.s. 

(b) For each n, /„ is uniformly Lipschitz in (?/, z). 

(c) \Uit,uj,y,z)\ < 1L{^^ < „. |^|<„. |,|<„}{r7,+ | 2/ I" + U I"' +2pht} < 2p + 3nP. 

(d) <yJnit,io,y,z)> < 1^-j^^ ^^^{7jt + my\+Mt\y\^ + Kt\y\\z\ + l0ht}. 

(e) For every N, PN{fn — Di'ti'-^) — ^ as n — > oo a.e {t,Lo). 
(/) For every N, pn{U - f){t,uj) < 2{^, + iV" + iV"' + 2p/iJ. 

Proof. Let t/; : M — > [0, ^^^^^^' ] defined by: 

ci 

^{x):^l cr^exp(-^) if|.|<l 
I else 



where ci = / exp ( TT)dx. 

J-i \-x^ 



Let m := — — . the sequence (C",/n) defined by : ^" := Cl{|5|<n} and 



\ 
/„(t,y,z)=(cie)2l^^^ < ^^^{n--'\y\^)i,(ri-^\z\^)Y. 



'^^^''"^ / / f{t,y-u,z-v)IltMmu,)Ut^m^Mmv,,)dudv, 



satisfies the required properties. Indeed, (a) is obvious, (e) follows from the definition of /„. (/) 
follows from assumption (H.3) and assertion (c). We shall prove assertions (b), (c) and (d). 

(b) For a fixed t and uj, /„(i,a;, ., .) is smooth and with compact support in [—n, n]'^^'^'^. Moreover 

where V denotes the gradient and C is a positive constant. 
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(c) For all {t,uj,y,z) such that At < n, \ y \< n and | z |< n we obtain, by using assumption 
(H.3), that 

I fnit,y,z) |<m(''+'"-) / / I fit,y-u,z~v) \ IltMmu,)Ilt,W^^Mmv^J)dudv 
< 77t+ I y r + I z r' +m'^^^ (^ I y- u r - I y r ^IlU4'imu,)du 



m'^'' 



j^^^(^\z-vr' -\z r' )ntin,^=iV'(™%)d« 



< 7?^+ 1 y r + 1 z r' +2p/it 

(d) For all {t,uj,y,z) such that At < n, \ y \< n and | z |< n we obtain, by using assumptions 
(H.2) - (H.3), that 

{yjn{t,y,z))<{c,e)'i:{n-^\y\')i:{n-'\z\')x 

^{d+dr) I f (^fi^t,y-u,z-v),y-u)Uf^^'il;{mu,)nf^-^Wj^^^/j{mv^j)dudv 

+ m(''+'''') f f I f{t, y~u,z~v)\\u\ nf^l■^P{mu,)Ut^^^^^P{mv^j)dudv 

<m+ f?\y\ + Mt\y\^ + Kt\y\\z\ + 10/it 

■ 
Remark 3.2. Theorem \2.1\ follows now from Proposition \3.4\ and Provosition \3.5l 

4 Application to partial differential equations (PDEs) 

In this section, we consider the system of semilinear PDEs associated to the Markovian version of 
the BSDE (E^'^''), for which we establish the existence and uniqueness of a weak (Sobolev) solution. 
In particular, we give a new feature which consists to prove, by using BSDEs techniques, that the 
uniqueness for a nonhomogeneous system of semilinear PDE follows from the uniqueness of its associated 
homogeneous system of linear PDE. 

4.1 Formulation of the problem. 

Let cr : K'= I — > M'''', fe : M'^' i — ^ R'' , 5 : M'^' i — > M'', and F : [0,T] x M*-^ x R'' x M*' 1 — > R'^ be 
measurable functions. Consider the system of semilinear PDEs 

(■p(s,-F)) / "„' + Cu{t,x) + F{t,x,u{t,x),a*Vu{t,x)) ^0 t e]0,r[, a; G M'^ 
1 u(T,x) ^ g{x) xe M'= 

where -C := - ^{(Jcr*)ijdfj + ^ b^di. 

The diffusion process associated to the operator C satisfies, 

Xl'"" =x+ f h{Xl''')dr + I a{Xl''')dWr, t<s<T 

We assume throughout this section that a G C^ (»'',»''''), and b £ C^(M'=,M'^'). 
We define, 



M i^;eC([0,T];L'3(R^e-*l^ldx;R'')) : / / \cr*\7v{s,x)fe-^^''^dxds 
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Definition 4.1. A (weak) solution of {V^^'^') is a function u G Ti,^'^ such that for every t G [0,r] and 



< u(s), 't > ds+ < u(t), ipit) >= < 5, ipiT) > + < F{s, ., u(s), a*yu(s)),ip(s) > ds 
OS Jt 

+ < Lu{s),ip{s) > ds 

where < f(s),h{s) >— J^^. f(s,x)h{s,x)dx. 

Observe that an integrating by part shows that, 

< Lu{s),(p{s) > = -{a*\/u{s,x);a*'Vf{s,x))dx — < u{s),div{bip){s) > 



where bi := bi > dj{aa*) 



2- 



4.2 Assumptions 

Consider the following assumptions: 

There exist S > and p > 1 such that 

(A.O) gix) G LP(R*=,e^'^l="lda;;M'') 

(A.l) F{t,x,.,.) is continuous for a.e. (t,x) 



(A.2) 



(A.3) 



(A.4) 



There are 77' G l5^1([0,T] x M'=, e-'*>ldtda;;M+)), 

/"' G LP([0,T] X R'',e-^^''\dtdx:R+)), and M,M' G K+ such that 

{y,F{t,x,y,z)) <rj'{t,x) + f^' {t,x)\y\ + {M + M'\x\)\y\^+ ^M + M'\x\\y\\z\ 

There are ^' G L«([0,r] x M'=, e"'^l="ldidx;K+)) (for some q>l),a e]l,p[ 
and a' g]1,;5A 2[ such that 

\F{t,x,y,z)\<rj'{t,x) + \y\" + \z\''' 

There are K,r ^ R+ such that for every A'^ G N and every x, y, y', z, z' 
satisfying: e^l^l, | y |, | y' |, | z |, | z' |< ^, 



4.3 Existence and uniqueness for (7^(5.^)) 

Tiieorem 4.1. Lei p g]q; V Q;',p[ i/ M' > and p — p if M' = 0. Under assumption (A.0)-(A.4) we 

have 

1) The PDE (T'W'^)) has a unique (weak) solution u on [0,T] 

2) For every t G [0, T] there exists Dt C K*^ such that 
i) I ^Didx^Q, where D^:^R''\Dt. 

a) for every t G [0,T] and every x G Dt, the BSDE (E^^ ' -f ' >) has a unique solution (y*'^, Z*'^) on 

where $*'^ := 5(Xy^) anrf /*'=^(s, y, z) := lL{s>t}F(s, X*'=^, y, 2;) 
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3) For every t € [0,T] 

4) There exists a positive constant C depending only on d, M, M' ,p,p, \a\ooi \b\oo o-nd T such that 

supo<t<T / I uit,x) \P e-'^'l^lda;+ / [ \ a*Vu{t,x) l^^^ e'^'^^^dtdx 

Jm'' Jo Jm'' 

<c(l[M'^o]+ f \g{x)\Pdx+ f f i/{s,x)^''^dsdx+ f f f{s,x)Pdsdx] 
\ Jm'' JRfe Jo JRfe Jo J 

ppAI'T 

where S' = S + k' + Iim'^o] '^''^d k! :— -— sup(4, ^V). 

y -^ \ (j)~ p) P ^ 

4.4 Proof of Theorem 14. IL 

A) Existence. 

Lemma 4.1. 1) There exists k > depending only on \a\oo, |^|oo o-nd T such that 

supE[exp(K sup I Xl'"" - X p)] < oo. (4.0) 

t,x t<s<T 

In particular, for every r > there is a constant C{r, k) such that for each (i, x) 

E[exp(r sup | Xl'"" |)] < C{r, k) exp(r | x |) 

t<s<T 

2) For every S > there exists a constant Cs.t > 1 such that for every (p € L^(M'''), t E [0,r] and 

se[t,T] 

CIt I lv'(a;)|e~*l^ldx<E /" \^{Xl''=)\e-^^\^\dx <Cs^t I \^{x)\e^^\''\dx. (4.2) 



Moreover for every (5 > there exists a constant Cs,t > 1 such that for every ip € L°([0,T] x M*^), 
t e [0, T] and s G [t, T] 

C's.T [ I \i'{s,x)\dse-^^''^dx<E [ [ \ij{s,Xl''=)\dse-^\''\dx <Cs.t I I |V(s,a;)|dse-*l^ldx. 



Proof. The first assertion is well known. Its particular case follows by using triangular and Young's 
inequalities. Indeed 

E[exp(r sup | X*-^ |)] < exp(r | x |)E[exp(r sup | X*-^ - x |)] 

t<s<T t<s<T 

T 

< exp(r I X |)E[exp(^V«: sup | X*'"" - x |)] 

V'^ t<s<T 

< exp( — ) exp(r | x |)E[exp(K sup | X*-^ - x p)]. 

K t<s<T 



For the second assertion, see [5] Proposition 5.1. 
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Lemma 4.2. Let p e]ay a' ,p[ if M' > and p = p if M' = 0. Lette [0,T]. There exists Dt C R'^such 
that 



i) ldx = 

a) for every x £ Dt 

E(| .g(X^") |P ei ^^ ^'^^'■') + E ( / ^/(s, X'f)ei' ^'"'^'■^5 



i 



+ E / /"'(s,X*'^)e5//^'"*'ds +e/ ^'(s,X*^^)«ds <+oo, 
w/iere A*-^ := {M + M'|X*'^|) sup(4, ^). 

Proof . Using Holder's inequality, Young's inequality and Lemma [01 we get 
E(| r7(X^") |P e5 Z*^ ^'"'^^) + E ( / 7/(5, X*^")eJ'*° ^*"'*'-ds ) 



p 



+e( / /"'(s,X*'")e5//^''''^'-ds +e/ r^'{s,Xl'^yds 



t I Jt 

T pT rT 



<C E(|.g(X^^) |P)+E / r/(s,X*^-)5vi+ E / /"'Gs,X*'-f + E / ^'(s,X*'-)'ds + IrM'^oje'^'l^l 






for some constant C depending only on M, AI' ,p,p, \a\oo, \b\oo and T. 
We put, 

r*>- := C(E(| g(X^^) F)+E / r7'(s,X^-)i^i+E / /0'(s,X*'-)p+E / J7'(s,X,''-)'ds+l[M'^o]e'''l^l)- 



Using Lemma [4.11 -2) and assumptions (A.0)-(A.3), one can show that 

where S' = S + k' + I. The set Dt := {x; F*-^ < cx)}. Lemma l¥!^ is proved. ■ 

Lemma 4.3. Assume (A.0)-(A.4)- Let p iE.]aW a' ,p[ if M' > and p — p if M' = 0. Then, for every 
t e [0,r] and every x G Dt, the BSDE {E^^ ' -f ' >) has a unique solution (y*'^,Z*'^) which satisfies, 
for every t € [0,r] and every x € Dt, 

sup |y;'n'')+E(/ \zr\Us 

\<s<T Jt 

/or some constant C depending only on M, M' ,p,p, |o'|oo, |6|oo and T 



(4.3) 

i^^ |p^4- F. / r/(s, X*'^)5^^ds + E / /"Ve y*^^^P^=4-Tl „,p'='l^ll 

t Jt 



Proof. For every t e [0,T] and x £ A, iC'"' J '"') satisfies (H.0)-(H.4) with 7 = inf{-,i— — }, 

Ws = exp(r|X*'^|) and An — N. Hence, Lemma H751 follows from Theorem 12. II and Lemma H?^ ■ 

Set, 

9nix) ■■= g{x)TL{\g{x)\<n}, 

F^{t,x,y,z) :-(n^Pel-l)('^+'^'-)(cie)2l^^,(,^^)+-,(,^^)^^o,(,_^)^l^l<„jV'("-'|ynV'("-'knx 

/ / Fit,x,y^u,z~v)Ut^i:{n^Pe^''^u^)Uf^^^^^^in^Pe^'-'^v^j)dudv, 
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Cn"^ '■— 9n{Xji ) 



and 

It is not difficult to see that the sequence {gn, Fn) satisfies (A.0)-(A.3) uniformly in n. Hence (^^'^, fn^) 
satisfies (H.0)-(H.3) uniformly in n. Moreover, for every n £ N* , {£,n^,fn^) is bounded and /,*'^ is 
globally Lipschitz. 

Let (yt,^,"^^t,^:») be the unique solution of BSDE (£;(«""'^"")). Let p e]a V a',p[ if M' > and p = p 
if M' — 0. Arguing as in Lemma H751 we show that for every t, x £ Dt and every n e N* 

E( sup I !;*■"■" |P) + E( / |Z*'"'"|2ds)^ <C(e / e-(5vi)l^^^ld5 + E(|g(X^") n+ 

*^«^^ "^^ T ^ -^^ ^ , (4.4) 

+e/" 77'(s,X*^")5^ids + E / /°'(s,X*'"fds + l[M'^o]e"'l"l 

for some constant C — C{p) not depending on (t,x,n). To see this, use proposition 13.51 (with h^ 
g-l^s" 1)^ Proposition [XT] and the proof of proposition 13.41 -a) . 

According to [8J (see also [lOj) we have 

Lemma 4.4. There exists a unique solution u" to the problem, 

du^{t,x) 



(•p(9>.:-F>.)) 



dt 



+ Cu"{t,x) +F„(t,a;,u"(i,x),cr*VM"(i,x)) =0, ie]0,T[, x€ 



such that for every t 



(s, A*'^) = y;-^^" and a*Vu"{s, A*'^) = Z*'=^'" a.e (s, cj, x). 



From Proposition [331- (ii) we have 
Lemma 4.5. (Stability) For every t £ [0, T], x £ Dt and p' < p, 



lim 



E( sup I F;-^'" - y,*'^ |P') + E ( / I Z*^^'" - Z*'^ |2 

0<s<T \Jt 



ds 



Using Lemma [4.11 -2). inequality (14. 4p . Lemma [4.41 Lemma [4.51 and the Lebesgue dominated con- 
vergence theorem, we obtain 

Lemma 4.6. (Covergence of PDE) For every p' < p, 

lim sup / I M"(i, x) - u"\t, x) \P' e-*'l^ldx = 

"■»"0<t<TJK'' 

lim / / I cr* Vu"(t, a;) - ct* Vw'"(i, x) 1^'^^ g-^'l^ldida; = 0. 

Using Lemma [T?T1 Lemma [¥!^ and the fact that 'H^+ is complete, we prove that exists u £ H^^ such 
that for every p' < p, 

i) supo<t<T/R. I u{t,x) \P' e-^'l^ldx + jj'/jj, I a*Vu{t,x) |p'^2 e~^'\-\dtdx < oo 
a) lim„ supo<4<r /afc I w"(^, a;) - u{t, x) \p' e^^'l^ldx = 
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in) lim„E/g, (/f | <t*Vu"(s,X*^^) - cr*Vii(s, X*^^) p e-*>lds) ' dx = Vi G [0,T] 
iz;) (u(s,Xi'-),a*Vu(s,X*^-))-(n*^^Z*>-) a.e. 

In another hand, from Proposition 13.21 and Proposition 13.41 we respectively have for every t G [0,T] 
and X € Dt 

E / |F„(s,X*'^u"(s,X*'"),a*Vw"(s,X*^")|'^ds<c[l + e^-"^" + E / |^'(s,X*'")|«ds J 

and 

hmE / |F„(s, X*■^ u"(s, X*--), a* Vu'^(s, Xl'^)) - F{.s, X*■^ u(s, Xl'^, a* Vu(s, X*--))|^ds = 
" Jt 

where /? is some real in ]1, oo[, C is some constant not depending on (t, x, n) and 

We deduce from Lemma HTTl the Lebesgue dominated convergence theorem and inequality (4.4) that 

lim / f \Fnis,x,u"{s,x),a*Vu''{s,x))-F{s,x,u{s,x),a*Vu{s,x))fe-^^+^">^''^dxds = 0. 
"■ Jo Jr'' 

As a consequence of Lemma 14.31 and the proof of Proposition 13.41 we get the following existence 
result for the problem (T'^^'^)). 

Proposition 4.1. Under assumptions (A.0)-(A.4), the FDE (f'ys^F)^ ^^^ ^ unique solution u such 
that u{s, X*'^) = r^*'^ and cr*Vu(s, X*'^) = Z*'^. Moreover, letting p e]a V a' ,p[ if M' > and p = p 
if M' = 0, then there is a constant C depending only on d' , M, M' ,p,p, |cr|oo, |6|oo o,nd T such that 

supo<t<T I I <t,x) r e~^'^''^dx+ [ [ I cT*Vu{t,x) f'''^ e-^'^^'^dtdx 

Jri' Jo Jr'' 

<c(l+f \g(x)fdx+[ f r)'{s,x)'i^^dsdx+ [ f f°' {s^xfdsdx] 
\ Jr.'' Jr'' Jo Jr'' Jo J 

where 5' = 5 + k' + 1 and n' := -— sup(4, -^). 

{p~p) P ' 

B) Uniqueness. 

Due to the degeneracy of the diffusion coefficient, the solution of the homogeneous linear PDEs is 
not sufficiently smooth and hence we can not use it as a test function. In order to construct a suitable 
test function, we need the following lemma. This lemma is interesting in itself since it gives a uniform 
estimate for a regularized degenerate PDE. 

Let W^'^([0, T] X W^) denotes the Sobolev space of all funcions u(i, x) defined on R+ x W^ such that 
both u and all the generalized derivatives I?fU, D^u, and D^^u belong to i'([0, T] x M''). 

Lemma 4.7. Let e e]0, f [, g e C^{[0,T] x R'';R). Then, the PDE 

{ddfit x) 1 
Q^ ' ~ -div{aa*V4>') - e A ^ (i, ^) + {b{x);V^%t, x)) = g{t, x) 
(j)%0,x)=0 xeR'"' 
has a unique solution (ff which satisfies : 

{i) 0^ e Pi Wj'2([0,T] xM''';M)nCi'2([o,r] xR^R) 
(^^) sup j|^(t,a;)| + |V0^(t,a;)| + |(/.^(t,a;)|| <oo. 
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Proof. The existence and uniqueness, of the solution (p^ , follow from [39] (p. 318 and pp. 341 — 342). 
We shall prove an uniform estimates for (ff and for their first derivatives. These estimates can be 
established by adapting the proofs given in Krylov [38^ pp. 330 — 344. However, we give here a 
probabilistic proof which is very simple. We assume that the dimension fc is 1. Let Xf{x) denotes the 
diffusion process associated to the problem {Ve{g))- For simplicity, we assume that g does not depend 
from t and the drift coefficient of Xl{x) is zero. The process Xf^x) is then the unique (strong) solution 
of the following SDE 



Xl{x) ^x+ f cr,{XI{x))dWs, 0<t<T 

Jo 



Let M :— sup,^ j ^\{\g'{X^{x))\ + |cr(t, a;)| + |cr'(t, a;)|). Since the coefficients a^ is smooth and uniformly 
elliptic, then the solution 0^ belongs to C^'^. Hence, Ito's formula shows that. 



</)^(i,x)=-E / giXI{x))ds. 



Since g S C^ , we immediately get 



sup ^\-^{t,x)\ + \cj)'{t,x)\} <(X. 



Since a^ € Cj^, we can show that 



.^^^(^'^).<MEri^^M. 



dx If dx 



It remains to show that sup E(| — J 1) < cx). 

{e,t.x) OX 

Since |cr^(i,x)| < |CT'(t, a;)| < sup^^,,.-, |cr'(i,x)| < M, we have 



E(i^^n<i+E^ K(x,^(x))n^^i^d. 



dx 



r2„ I ^dXlix)^, 



< 1 + M^E / I — ^^^rds 

'0 



The Gronwall Lemma gives now the desired result. 

In multidimensional case, the proof can be performed similarly since it is based on the fact that the 
first derivative of a^ is bounded uniformly in e, which is valid in multidimensional case also, see Freidlin 
[34J, III § 3.2, pp. 188-193. Lemma O is proved. ■ 

Remark 4.1. (i) According to Krylov estimate (because a^ is uniformly elliptic), the previous proof 
(in dimension one) remains valid also when the coefficients a and b are Lipschitz only. 

[ii) Since in our situation a G Cj^(M'', M*^'') and b G C^(M'^,R'^), we can estimate also the second 
derivative of (jf . More precisely we have 



sup {^'{t,x)\ -t- |^(t,x)| + |V</>^(i,x)| + \D^^'{t,x)\) < 



{e,t,x) ' 9t 



OO. 



Proof of Remark 14.11 . Let Bt be a d-dimensional Wiener process stochastically independent of Wt 
and consider the SDE : 

X*'"(e) = x+ f b{Xl-''{e))dr + f c7{X^:^e))dWr + ^2^(5, - Bt), t<s<T 

Jt Jt 
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where b{x) := b{x) - - ^ 9i(CTcr*).j(a;) ^ 6(x) - ^ aj(CTCT*).j(a 



2 

3 

Ito's formula shows that, 



Then 



T 



^T-t,x)=Ej g{r,Xl:-{e))dr 



T 

t.X ( „\\. O TAt.X / 



d,4>'{T-t,x)^W.j {Vg{r,Xl^%e))-dar{e))dr 



and 



dl<P'{T-t,x)=¥.j {Vg{T,Xl:^e))-dlXl^%e)) + {D^g{T,Xl:%e))d,Xl'^e)-d,Xl:%e))dr 

On other hand, 

d,{Xl^^)k{e)^5,u+ r {\/h{X',^-{e));day-'{e})dr + Y, r {^<Jkn{X',^^e)y,d,X',^^e))dW," 

and 

dlixrUe) = j\vUxr{e))-dlXl'-{e))dr + Y. l\y^kn{xr{e))-dlXl'-{e))dW- 
Jt ^ ^ Jt 

+ r{D^k{X*'^{e))d,X',^^e);da'r^e))dr 

+ E / {D^'^kn{X*^''{e))djX*^-{e);d,X*^^{e))dW:} 

Ito's formula gives 

E|a,(X*>-)fc(e)|4 = (5,fe +4E j\vhu{Xl^^{e)) ; a,x;^"(e)) (a,(x;'^)fe(e))3dr 



< 



+6^E / |(V(Tfe„(X;'-(£)) ; a,X;^"(e))|2 (a,(x;^-)fe(e))2dr 
(5,fe+sup,(2|V&fe(x)|+^|Vafc„(x)n /" E|a,X;'-(£)|4dr 



and 



ndUxrUe)? = 2EJ^{VMxl^^{e))-,dlXl'^e))dl{xrUe)dr 



+ 5]E / \{Vaun{Xr{e)) ; a5x;'-(£))pdr 

" /* 

+2El\D^k{X*'^{e)) d,Xl'-{e) ; a.X^^^le)) dl{Xl^^)k{e)dr 

< sup, (2|Vfefe(x)| + 2|i^25^(^)| ^ ■^ \W<jkn{x)\^)E f \dfjXl'-{e)\^dr 

+ sup, (|i?25,(^)| +^ |^2^,„(a;)|2) r E\d^X*,'^et +E\d,X',^-ietdr 
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We deduce that 



E|9,(X*.-)(e)|^ 



< fc2 + p^^.s^p^(2|V6„(x)|+^|Vaj„(x)|2) / E|9,X*'^(£)|4dr 

< fc2gfe^Ti:, Bup^ (2|Vfc„(.)|+E„ |V.,„(.)|^) (Gronwall's Lemma ) 



and 



ndl{Xr){e)\^ < fcsup, (2|V6fe(x)| + 2|i?25^(^)| + ^ |VfTfc„(x)|2)E / |95x*'-(£)|2dr 

n 

< fc^Tsup, (|i?25,(^)| + J2 |i?Vfe„(x)nPe'='^5:, sup, (2|Vh„(.)|+E„ |V.,„(.)|^) 

(Gronwall's Lemma ) 



^fcTsup, (2\VH{x)\+2\D^bk{x)\ + j:^ \Vakr,{x)\^) 



Since 5 e C;?°, cr e Ct3(R'^, M*^'') and b e C^(M'=, M'') we get 



sup cb'{t,x)\ + \^it,x)\ + \V^'it,x)\ + \D'cb'it,x)\ } < 00 



{e,t,x) 

Lemma 14.71 is proved 



dt 



Lemma 4.8. is the unique solution of the PDE 
dw{t,x) 



f'p{0-div{b){x)y)\ 



dt 



+ Cw{t, x) + div{b){x)w{t, x) =0 t e]0, T[, x G 



,, w{T,x) =0 a;eM'= 
satisfying for some /3 > 1 



sup / I w{t, x) \^ + \ w{t, x) \ dx + 

0<t<TJB'= ^0 



I a*Ww{t,x) f + I (T*Ww{t,x) I dtdx < 00. (4.1) 



Proof. Let w be a solution of (7^(0, —div{b){x)y)) satisfying (|4.ip and consider w,i € C'^{R^) such that 



\w{s, x) — Wn{s, x)\dxds + 



|(T* V(i(;(s, x) — Wn{s, x))\dxds — )■ 0. 



Let£e]0,l[, <?eC-([0,T] 



and consider the unique solution (ff e n^3yVq'^([0,T] 



n 



C^'^([0,T] X W;M) of the following problem 



^(i,x) 1 



dTO(crcr* V0^) - e A 0^(i, x) + {b{x);V(j)^[t, x)) = g{t, x)) 



i-Peig)) < dt 2 ^ 

The existence and uniqueness of (j)'^ follows from Lemma 14.71 

Let {ipi)i^-^ C C^{R'^) be such that ipi E [0, 1], tpi ^ 1 uniformly on every compact set and Wipi — > 
uniformly on M}. By considering cp^ipi as a test function, we have 



w-^ + -{a*\7w; a* Vc/)") + w{b; Vcf)" 



-(a*Vw;a*Vij,) + w{b;\7i;i) 



'ipidxdt+ 
fdxdt = 0. 
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Introducing i/7„ and integrating by part we obtain 



Wnlpi 



-^ - -div{aa*V(j)') + (6; V0^ 



dtdx = xi'{n) +X2'"(«)' 



where 



Xi (n) :== - 



{w - w„)—- + -{a*V{w - Wn);(J*V(j)'')+ (w ~~ Wn){b;V4>'') tpidxdt 



and 



xl (i) ■= / (-(/''' crcr*Vu; + (jj^wb- -w„crCT*V0'' ; \Iil)i)dxdt. 

Jo Jr'' 2 2 



From Lemma 14/71 we have 



e {t,x) 



sup sup <^ \^it,x)\ + \V^%t,x)\ + |0"(i,.T)| } < oo. 



at 



Hence 



and 



sup|xi'*(n)| 



sup|x2'"(«)l 



Observe that an integrating by part shows that L Lj. Wnipi ^ 4>^dxdt = — L Jmk S/{wnipi)^(t>'^dxdt, 
then use the Lebesgue dominated convergence theorem to deduce that 

/ / wf;(i, a;)(ix(it = hmUmhm / / Wnipi{g{t,x) + e A (p'^)dxdt 
Jo Jr'' " * ^ Jo Jr'' 

~ limhmlim(x^'*(n) + X2'"(0) 



n t 6 



Lemma 14.81 is proved. 

Proof of uniqueness for {V^^'^^). The proof is divided into three steps. 

Stepl. is the unique solution of (p(O'O)) satisfying the inequality (C]7P Lemma 4.8. 

Let wi be a solution of (^'(O'O)) satisfying the inequahty (|4.ip Lemma 4.8. Then, by Lemma 
it is also the unique solution of {J>(^,divb{x)y-d^vb{x)w^{t,x))^ satisfying the inequality (gT]) Lemma 4.8. 
Indeed, if u is a solution of {j?(o,divh(x)y^dtvb(x)wi(t,x))-^^ ^j^g^ m - wi is a solution of {jD(^-dvvb(x)y)^^ ^^^ 
hence u — wi = by Lemma 14.81 

From Proposition 14. 11 the process (u'i(s,X*'^),cr*Vi(;i(s,X*^^)) is the unique solution of BSDE 
(^^(o,d^vb(xl^-)v-d^vb{xl^-)w^(s,xl•-)Y xhanks to the uniqueness of this BSDE and Lemma|lll}2), we get 
wi = 0. 

Step2. is the unique solution of {V^^'^'). 

Let wi be a solution of (7''"'°)). Since wi £ iV-^ . then there exist /3' > 1,(5' > such that. 



sup 

0<t<T 



I wi{t, x) f e-^'^'-'^dx + f f \ (T*Vwi{t, x) f e-^'^^'Uxdt < oo. 
Jo Jr'' 



Let S> S' and set wi := wif{x) where / e C2(R'=;R!;) such that f{x) = e^^l^l if | a; |> 1. 
By Lemma [4.81 wi is the unique solution to the PDF 
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{Ow(t X] " 

— j-^-!- +£w{t,x) +div{b){x)w{t,x) + H{x)wi{t,x) + {H{x),a*Vwi{t,x)) = 
w{T,x) =0 

satisfying the inequality (|4.ip Lemma 4.8, where H and H are some bounded and continuous functions. 
Proposition 14.11 implies that (wi(s,Xj'^),cr*Vwi(s,X*'^)) is the unique solution of the BSDE 
^^(o,d^vib)(xl^ny+H(xln^,is,xln+{Hixln,'^'^^lis,xl■n)))_ Hence m = 0, which implies that wi = 0. 

Step 3. (T'W'^)) has a unique solution if and only if is the unique solution of [V^^'^'). 

By Proposition 14. 11 there exists a unique solution u of the problem (p^s^F)^ such that, u{s,Xl'^) = 
y,*'^ and CT*Vu(s,X*'^) = Z*'^. 
Let u' be another solution of (T'fs^^)) and set 

F{t, x) = F{s, X, u{s, x),a*'Vu{s, x)) — F{s, x, u (s, x), u* Vw'(s, x)). 

The function w := u ^ u' is then a solution of the problem 

tp{o,F)^ I ""^^'^ ""' + Cw{t, x) + f ft, x) = ie]0,T[, xeR'' 
1 u;(r, a;) = a; e MJ" 

In other hand, since (0, F) satisfies assumptions (A.0)-(A.4), then Proposition l4.1l ensures the existence 
of a unique solutions to the problem (T^f^'^)) such that, w(s,Xl'^) — Y^'^ and a*Vw{s,Xl'^) — Zl'^, 
where {Y*'^, Zl'^) is the unique solution of 



Y*'^ = I F{r,Xl''')dr- f Z^'^^dW, 



The uniqueness of (T'fO'^)) (which follows from step 2) allows us to deduce that 

u'{s,Xl-'^') = y;*'^ - i;*'^ and a*Vu'{s,Xl^^) = Z*'^ - Z*'^ 

This implies that u'(t,Xl''^) is a solution to BSDE {E^9.F)y ^^^i^ uniqueness of this BSDE shows that 
u'{t,Xl''-^) = u(i,X*'^). We get that u{t,x) = u'{t,x) a.e. by using Lemma 101-2) . Theorem liH is 
proved. ■ 

As consequence, we have : Let g G Lp([0,T] x R'^, e~'^l'^ldx;M'*) for some p > 1 and S > 0. Let 
A : [0,T] X R'^ — > R'^^'', B : [0,r] x R'= — > (R'')'^'- and C : [0,T] x R^ — > R'^^'* be measurable 
functions which satisfy : 

There exists a positive constant K such that for all (t, a;) 

\\A{t,x)\\ + \\B{t,x)f < K{1 + \x\), \\C{t,x)\\ < K and C{t,x) > 0. 

We then have 

Proposition 4.2. Let g £ Lp([0, T] x R*^, e-'^>lda;; M'') for some p > 1 and S > 0. Let A : [0, T] x R'^ i — > 

R'^^'', B : [0,r] X R''^ I — > {R'^Y'' and C : [0,T] x R'^ i — s- R''^^'' &e measurable functions. Assume that 
there exists a positive constant K > such that for every {t,x), < C{t,x) < L'C and, 

\\A{t,x)\\ + \\B{t,x)r < K{1 + |x|), \\C{t,x)\\ < K 

Then, the PDF 

J '^\'^> +Cw(t,x) +A(t,x)w(t,x) + ((B(t,x); a*Vw(t,x) )) ~ C(t,x)w(t,x)\og\w(t,x)\ =0, 
[ w{T,x) =g{x) xeRj" 

has a unique solution w and {w{s, Xl'^),a*'S/w{s, Xl'^)) is the unique solution of 

d r 

where {{B; z)) := ^ ^ BijZij. 
1=1 j=i 
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Set F{t,x,y,z) := A{t,x)y + {{B{t,x);z)) - C{t,x)y log \y\. 

Arguing as in the introductory examples, we show the following claims l)-3). The claim 2) follows by 

using Young's inequality. 

1) {y,F{t,x,y,z)) < K + {K + K\x\)\y\^ + ^K + K\x\\y\\z\ 

2) for all e > there is a constant C^ such that 
\F{t,x,y,z)\ < a(l + \xf^ + |2/|i+- + |z|i+-) 

3) for every A^ > 3 and every x,y, y' z, z' satisfying e'^', | j/ |, | y' |, | ^ |, | z' |< A'' : 

{y-y'-F{t,x,y,z)-F{t,x,y\z'))<K'\ogN[j^^\y-y'A^^K'\ogN\y-y'\\z-z'\, 

where AT' :== 1 + 4A:d + AT^. 

So assumptions (A.0)-(A.4) are satisfied for {g,F). ■ 
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